Abstract. Let k be an algebraically closed field. Chambert-Loir proved that theétale fundamental group of a normal rationally chain connected variety over k is finite. We prove that the fundamental group scheme of a normal rationally chain connected variety over k is finite andétale. In particular, the fundamental group scheme of a Fano variety is finite andétale.
Introduction
Let X be a scheme over an algebraically closed field k of characteristic p > 0 and x a k-point of X. Nori introduced the notion of fundamental group scheme π(X, x) in [10] and further developed it in [11] . Since then it is being studied and in the process has turned into an important tool in algebraic geometry of positive characteristic. In [11] Nori proves that π(X, x) is trivial for rational normal varieties. More generally, π(X, x) = 0 if X is separably rationally connected [1] . Zhu proves that Fano (proper, smooth, connected with ample anticanonical bundle) hypersurfaces in projective spaces are separably rationally connected [14] ; so their fundamental group scheme is trivial.
In [3] Chambert-Loir proves that every rationally chain connected normal variety has finiteétale fundamental group, and its order is coprime to p (the characteristic of k) [4] . Shioda gave an example of a rationally connected variety over a field of characteristic p = 5 whoseétale fundamental group is Z/5Z [12] .
We prove the following (see Theorem 3.8):
Theorem 1.1. Let k be an algebraically closed field and X a normal, rationally chain connected k-scheme. Let x ∈ X(k) be a point. Then the local fundamental group π loc (X, x) is trivial. More precisely, the fundamental group scheme π(X, x) is reduced and finite with its order coprime to p.
The main tool in the proof of the theorem is a generalization, to non-proper schemes, of a result due to Esnault, Hai and Sun [6, Proposition 3.6] . The strategy of the proof is similar to that in [3] , adapted to the new setting.
Preliminaries
We will write π(X) instead of π(X, x) to simplify the notation. However all the schemes for which we will compute the fundamental group scheme are meant to be pointed and all the morphisms between them takes the marked point in the domain space to the marked 2000 Mathematics Subject Classification. 14M22, 14H30. point in the target space. The same convention will be applied to torsors morphisms between them.
Let k be an algebraically closed field of any characteristic. A variety X over k is said to be rationally chain connected if for every algebraically closed field Ω containing k, for any two points in X(Ω) there is a proper and connected curve passing through them such that its normalization is a disjoint union of projective lines. If this union is made by only one projective line we say that X is rationally connected.
Let X be a rationally chain connected variety over k. We restate [3, Lemma 1] adapting it to our setting: Lemma 2.1. Let k ⊆ Ω a field extension where Ω is algebraically closed. Let
be a rational curve of X Ω . Let x 0 := F Ω (0) and x ∞ := F Ω (∞) be points of X Ω then let V 0 and V ∞ be their Zariski closure in X. Then there exist a projective normal integral k-scheme, a morphism F : P
1
T −→ X such that the morphisms defined as
Proof. There exists a finitely generated
We now take a projective integral scheme Z over k whose function field is L. We then consider an open affine covering {U i := Spec(A i )} i∈I of Z such that F rac(A i ) = L for all i; if F is not defined over A i we take a finite extension A i ⊂ A ′ i where F is defined, which means that there exists a morphism
We can assume they are also integrally closed (otherwise we need another finite extension). Then we glue all the U ′ i := Spec(A ′ i ) and obtain a projective normal scheme T over k. We finally obtain a morphism F : P 1 T −→ X gluing all the
That F 0 and F ∞ are dominant over V 0 and V ∞ will follow once we prove that the same holds for each F i : but this has been proved in [3, Lemma 1] so we are done. We recall however this last part for the convenience of the reader: we fix i ∈ I and we set We need T to be projective because the product formula for the fundamental group scheme requires properness.
The main theorem
The following lemma is well-known. We include a short proof of it for the convenience of the reader.
Lemma 3.1. Let G be a finite k-group scheme and let Gé t and G loc be respectively the maximalétale quotient and the maximal connected quotient. Then the natural morphism
Proof. The field being perfect the reduced subscheme G red is a subgroup scheme of
If α is not faithfully flat we can factor it as in the following diagram:
′ is faithfully flat and j : G ′ ֒→ Gé t × G loc is a closed immersion. Clearly Gé t and G loc are still the maximalétale quotient and the maximal connected quotient of G ′ respectively. So we can assume α is a closed immersion. Therefore, the lemma is equivalent to the assertion that α is an isomorphism.
From [13, § 6, Ex. 9] it follows that Gé t ≤ G red ≤ N loc . Therefore, we have
which implies that α is an isomorphism.
We recall that a finite G-torsor Y −→ X with X a reduced and connected scheme over k is called Nori-reduced if the canonical morphism π(X) −→ G is faithfully flat. Lemma 3.2. Let X be a connected and reduced scheme over k. Let G (respectively, H) be a finite local (respectively, finiteétale) k-group scheme. Let Y −→ X and T −→ X be a G-torsor and an H-torsor respectively. We assume that both Y and T are Nori-reduced. Then the H × G-torsor T × X Y −→ X is also Nori-reduced.
Proof. Take (M , Z , ι), where
• M ֒→ H × G is a subgroup-scheme, • Z −→ X is a M-torsor, and • ι : Z ֒→ T × X Y is a reduction of structure group-scheme, to M, of the H × G-
be the Mé t and M loc -torsors respectively, obtained from the M-torsor Z −→ X using the projections of M to Mé t and M loc respectively (notation is as in Lemma 3.1). We have a closed immersion Z ֒→ T ′ × X Y ′ induced by the closed immersion M ֒→ Mé t × M loc ; the latter is an isomorphism by Lemma 3.1, so the same is true for Z ֒→ T ′ × X Y ′ .
The projection M ։ H (respectively, M ։ G) clearly factors through Mé t (respectively, M loc ). Note that the projections M −→ H and M −→ G are faithfully flat morphisms because the two torsors Y and T are Nori-reduced. Consequently, the two homomorphisms Mé t −→ H and M loc −→ G are isomorphisms. Now using Lemma 3.1 it follows that the inclusion M ֒→ H × G is an isomorphism. Consequently, the
The following result was proved in [6, Proposition 3.6] under the assumption that X is proper.
Corollary 3.3. Let X be a connected and reduced scheme over k. Let G (respectively, H) be a finite local (respectively, finiteétale) k-group scheme. Let Y −→ X be a Gtorsor and T −→ X an H-torsor. We assume that both the torsors are Nori-reduced. Then the G-torsor T × X Y −→ T is also Nori-reduced. In particular, the morphism
Proof. Let us assume that there is a finite local k-group scheme G 1 ⊂ G, and G 1 -torsor U −→ T and a reduction i : U ֒→ T × X Y of structure group to G 1 . Let S be any k-scheme. For any x ∈ X(S) we choose u x ∈ U(S) whose image in X(S) is x. We set (t x , y x ) := i(u x ), then
so the image of U(S) by i S can be identified with the subset
this gives U the structure of an H × G 1 -torsor over X, contained in the H × G-torsor T × X Y . This implies that G 1 = G by Lemma 3.2.
Corollary 3.4. Let X be a connected reduced scheme over k and G a finite local k-group scheme. Let T −→ X be a finiteétale cover and
In particular the homomorphism π loc (T ) −→ π loc (X) is faithfully flat.
Proof. This follows from Corollary 3.3 and the fact that there exist a finiteétale k-group scheme H and a H ′ -torsor T ′ −→ X that dominates T −→ X. Let t be a closed point of the generic fiber of f , and let T denote its Zariski closure in X. The morphism f induces a generically finite morphism f |T −→ Y . There exists an open dense subscheme U ⊆ Y such that f −1 (U) T is a finiteétale cover. We have the diagram of homomorphisms of local fundamental group schemes
Now u is faithfully flat by Corollary 3.4 and the homomorphism v is faithfully flat (see Remark 3.5). Hence h is faithfully flat.
Remark 3.7. In [9] Mehta and Subramanian proved that π(X × Y ) = π(X) × π(Y ) for two connected smooth projective schemes X and Y . In [8, § 4], Langer generalized this to S-fundamental group scheme of reduced connected schemes proper over k. In particular, the product formula holds for the fundamental group scheme of such schemes.
As in [3] , in order to prove Theorem 3.8, we can assume k to be uncountable. So for any 0 ≤ ν ≤ dim(X), there is a point in X(Ω), where Ω in the algebraic closure of the function field of X, whose Zariski closure in X is of dimension ν.
Theorem 3.8. Let k be an algebraically closed field and X a normal, rationally chain connected k-scheme. Then (1) π loc (X) is trivial; (2) π(X) is finite (andétale); (3) if char(k) = p > 0, and X is smooth and proper, then |π(X)| is coprime to p.
Proof. Part (2) follows from part (1) and [3, Théorème] . Using [4] , part (3) follows from part (2) . So it suffices to prove part (1).
Since X is rationally chain connected, there exists a chain of rational curves connecting a rational point x 0 ∈ X(k) to a generic point x m ∈ X(Ω), where Ω is the algebraic closure of the function field of X. According to Lemma 2.1 there exists a sequence of integral subvarieties V 0 , · · · , V m of X where V 0 = x 0 and V m = X and for every integer i ∈ {0, · · · , m − 1} a family of rational curves We avoid to put the index i on the morphisms not to make notation too heavy. We know that π loc (V 0 ) = 0, both u and z are faithfully flat by Lemma 3.6, both α and δ are faithfully flat by Remark 3.5 and both β and γ are isomorphisms by Remark 3.7. So at each step we prove that the image of π loc (V ′ i+1 ) in π loc (X) is trivial. The last step will finally prove that π loc (X) = 0.
Corollary 3.9. Let k be an algebraically closed field and X a Fano variety. Then the conclusions of Theorem 3.8 hold for X. If moreover X is a hypersurface of a projective space then π(X) = 0.
Proof. Fano varieties are rationally chain connected (cf. [2] and [7] ) so the first assertion is a direct consequence of Theorem 3.8. The second assertion is known: by [14] if X is a Fano hypersurface then it is separably rationally connected, and by [1] this implies that its fundamental group scheme of X is trivial.
